
Given a domain D with elements d 2 D:
configurations � ::= hS; ei | error

expressions e ::= x | v | e e | get e e |
put e e | new | reify e

values v ::= l | Q | �x. e

query set literals Q ::= {d1, d2, . . . , dn} |
{d | pred(d)}
(where pred(d) is computable)

stores S ::= [l1 7! d1, l2 7! d2, . . .]

Figure 2. Syntax for �par.

a unique element added to the set of configurations, but it also
forms an equivalence class such that for all e, h>S ; ei = error.
The metavariable � ranges over configurations.

Figure 4 shows two disjoint sets of reduction rules: those that
step to configurations other than error, and those that step to error.
Most of the rules that step to error are merely propagating existing
errors along. A new error can only arise by way of E-PARAPPERR,
which represents the joining of two conflicting subcomputations, or
by way of the E-PUTVALERR rule, which applies when a put to a
location would take the state of the location to >.

3.1 Semantics of the Store Interface
The reduction rules E-NEW, E-PUTVAL, and E-GETVAL in Fig-
ure 4 respectively express the semantics of the new, put, and get
operations described in Section 2.3. The intuition behind get is that
it specifies a subset of the lattice that is “horizontal”: no two ele-
ments in the subset can be above or below one another. This prop-
erty is enforced in the E-GETVAL rule by an incompatibility con-
dition on the query set Q that states that the least upper bound of
any two distinct elements in Q must be >.2 Intuitively, each ele-
ment in the query set is an “alarm” that detects the activation of
itself or any state above it. One way of visualizing the query set for
a get operation is as a subset of edges in the lattice that, if crossed,
set off the corresponding alarm. Together these edges form a “trip-
wire”. This visualization is pictured in Figure 1(b). The query set
{(?, 0), (?, 1), ...} (or a subset thereof) would pass the incompat-
ibility test, as would the query set {(0,?), (1,?), ...} (or a subset
thereof), but a combination of the two would not pass.

The E-PUT-1/E-PUT-2 and E-GET-1/E-GET-2 rules allow for
reduction of subexpressions inside put and get expressions until
their arguments have been evaluated, at which time the E-PUTVAL
(or E-PUTVALERR) and E-GETVAL rules respectively apply. The
arguments to put and get are evaluated in arbitrary order, although
not simultaneously. 3

3.2 Fork-Join Parallelism
�par has an explicitly parallel reduction semantics: the E-PARAPP
rule in Figure 4 allows simultaneous reduction of the operator and
operand in an application expression, so that (eliding stores) the
application e1 e2 may step to e

0
1 e

0
2. In the case where one of the

subexpressions is already a value, is blocked, or is otherwise unable
to step, the reflexive E-REFL rule comes in handy: it allows the E-
PARAPP rule to apply nevertheless.

2 Although incomp(Q) is given as a premise of the E-GETVAL reduction
rule (indicating that it is checked at runtime), in a real implementation
the incompatibility condition on query sets might be checked statically,
eliminating the need for the runtime check. In fact, a real implementation
could forego any runtime representation of query sets.
3 It would, however, be straightforward to add to the semantics E-PARPUT
and E-PARGET rules analogous to E-PARAPP, should simultaneous evalu-
ation of put and get arguments be desired.
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Figure 3. A series-parallel graph induced by basic parallel �-
calculus evaluation (left) vs. a non-series-parallel graph created by
put/get communication (right).

When the configuration hS; e1 e2i takes a step, e1 and e2 step
as separate subcomputations, each beginning with its own copy of
the store S. Each subcomputation can update S independently, and
the resulting two stores are combined by taking their least upper
bound when the subcomputations rejoin.4

Although the semantics admits such parallel reductions, �par is
still call-by-value in the sense that arguments to functions must be
fully evaluated before function application (�-reduction, modeled
by the E-BETA rule) can occur. We can exploit this property to
define a parallel composition of expressions e1 and e2 as follows:

((�x. (�y. e3)) e1) e2 (Example 4)

Although e1 and e2 are evaluated in parallel, e3 cannot be evalu-
ated until after both e1 and e2 because the call-by-value semantics
does not allow �-reduction until the operand is fully evaluated, and
because it further disallows reduction under a �-term (sometimes
called “full �-reduction”). In the terminology of parallel program-
ming, the above expression executes both a fork and a join. Indeed,
it is common for fork and join to be combined in a single language
construct, for example, in languages with parallel tuple expressions
such as Manticore [9].

Conversely, if we wanted to sequentially compose e1 before e2

before e3, we could write the following:

(�x. ((�y. e3) e2)) e1 (Example 5)

Sequential composition is necessary for ordering side-effecting put
and get operations on the store. For that reason, full �-reduction
would be a poor choice, but parallel call-by-value gives �par both
sequential and parallel composition, without introducing additional
language forms.

Notational shorthand For clarity, we will write let x = e1 in e2

as a shorthand for ((�x. e2) e1). We also use semicolon as sugar for
sequential composition: for example, e1; e2 rather than let unused =
e1 in e2. Finally, the following let par expression desugars to the
parallel composition expression in (Example 4) and should be read
as “compute e1 and e2 in parallel before computing e3”:

4 A subtle point that E-PARAPP and E-PARAPPERR must address is lo-
cation renaming: locations created while e1 steps must be renamed to
avoid name conflicts with locations created while e2 steps. We discuss the
rename metafunction as part of a more wide-ranging discussion in Sec-
tion 4.1.
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